An anti-self-dual instanton solution in Yang-Mills theory on noncommutative R 4 with an anti-self-dual noncommutative parameter is constructed. The solution is constructed by the ADHM construction and is treated within the framework of the IIB matrix model. In the IIB matrix model this solution is interpreted as a system of a Dp-brane and D(p+4)-branes, with the Dp-brane dissolved in the worldvolume of the D(p+4)-branes. The solution has a parameter that describes the size of the instanton. When this parameter is turned to zero, the solution is continuously connected to another solution which can be interpreted as a system of a Dp-brane and D(p+4)-branes, with the Dp-brane separated from the D(p+4)-branes.
Introduction
After the discovery of Dirichlet Branes (D-branes) [1] the nonperturbative analysis of string theory has achieved much progress. One of the key features here is that the low energy effective field theory on the worldvolume of Dp-branes describes the configuration of the D-branes in a target space, and vice-versa [2] .
The Dp-D(p+4) system has attracted much interest for a number of reasons. The ground states of the Dp-D(p+4) system preserve one-fourth of the supersymmetry in superstring theory. One of the interesting features of this system is that it has descriptions from two different viewpoints. The low energy effective theory on the worldvolume of the D(p+4)-branes is a supersymmetric Yang-Mills theory, and when the Dp-branes are within the worldvolume of the D(p+4)-branes the Dp-branes are described as instantons on R 4 transverse to the Dp-branes and within the D(p+4)-brane. On the other hand, the low energy effective field theory on the worldvolume of the Dp-branes is in the Higgs branch, and the moduli space coincides with the moduli space of instantons on R 4 [3] [4] . 1 The moduli space of instantons has so-called small instanton singularities. These correspond to the instantons shrinking to zero-size, and the low energy Yang-Mills description on the D(p+4)-branes may break down. In the Dp-brane worldvolume theory, the Higgs branch meets the Coulomb branch at these small instanton singularities. The Coulomb branch describes the separation of the Dp-branes from the D(p+4)-branes in the direction transverse to the D(p+4)-branes.
The constant NS-NS B-field background in the worldvolume of D(p+4)-branes gives interesting effects to this Dp-D(p+4) system. Under the constant NS-NS B-field background the coordinates on the D(p+4)-branes become noncommutative. On the other hand, when the B-field in the R 4 has a non-zero self-dual part (in our convention the Dp-branes are described as anti-self-dual instantons), the field theory on Dp-branes acquires a Fayet Iliopoulos term [6] . Then, the small instanton singularities in the moduli space are resolved [7] , and the Coulomb branch disappears from the field theory on the worldvolume of the Dp-branes. This means that the Dp-branes are confined within the D(p+4)-branes. Since the coordinates on the D(p+4)-branes become noncommutative, in the worldvolume theory on the D(p+4)-branes, the Dp-branes should be described as instantons on noncommutative R 4 . This expectation is confirmed by the beautiful results in [8] ; the moduli space the field theory on the worldvolume of the Dp-branes under this background coincides with the moduli space of instantons on noncommutative R 4 . Recently, a classical solution of the Yang-Mills theory on noncommutative R 4 (noncommutative Yang-Mills) was found in [9] . It is a self-dual gauge field configuration on noncommutative R 4 with a self-dual noncommutative parameter. This solution can be realized in the IIB matrix model [10] [11] , and then it coincides with a solution which has been studied before [12] . In the IIB matrix model this solution is interpreted as a system of Dp-branes and D(p+4)-branes separated from each other. Motivated by [9] , in this article we construct a new 2 U(2) anti-self-dual instanton solution on noncommutative R 4 with an anti-self-dual noncommutative parameter. 3 The construction of the anti-self-dual gauge configuration on R 4 with anti-self-dual noncommutativity is technically the same as the construction of a self-dual gauge configuration on R 4 with self-dual noncommutativity. The solution is constructed by the ADHM construction, and is treated within the framework of the IIB matrix model. In the IIB matrix model, this solution can be interpreted as a system of a Dp-brane and D(p+4)-branes, with the Dp-brane dissolved in the worldvolume of the D(p+4)-branes, and with constant anti-self-dual NS-NS B-field background in the worldvolume of the D(p+4)-branes. In this case, the moduli space of instantons has a small instanton singularity. When the moduli space parameter of the solution comes at this singularity, the solution is continuously connected to the solution in [9] [12] . Thus, the noncommutative Yang-Mills can describe the separation of a Dp-brane off the D(p+4)-branes. This is quite remarkable since instantons in ordinary Yang-Mills theory on commutative space can describe only Dp-branes within the worldvolume of D(p+4)-branes. The coordinates x µ (µ = 1, · · · , 4) of the noncommutative R 4 obey the following commutation relations:
where the noncommutative parameter θ µν is a real constant matrix. By SO(4) rotation in R 4 one can set the components of the matrix θ µν to zero, except θ 12 and θ 34 . We introduce the complex coordinates by
Their commutation relations become
where ζ 1 = −θ 12 and ζ 2 = −θ 34 . In this article we study the case where θ µν is antiself-dual, i.e. θ 12 + θ 34 = 0. This means ζ 1 = −ζ 2 . Further, we set ζ 1 > 0. We then define
We realize a † and a as creation and annihilation operators acting in a Fock space H spanned by the basis |n 1 , n 2 :
The commutation relation (2.1) has automorphismes of the formx µ →x µ + y µ (translation), where y µ is a commuting real number. We denote the Lie algebra of this group by g. These automorphismes are generated by the unitary operator U y
where we have introduced a derivative operator∂ µ bŷ
Here, B µν is an inverse matrix of θ µν . The derivative operator∂ µ satisfies the following commutation relations:
From (2.9) we obtain
For any operatorÔ we define a derivative of operatorÔ by the action of g:
The action of the exterior derivative d to the operatorÔ is defined as:
Here, dx µ 's are defined in the usual way, i.e. they commute withx µ and anti-commute among themselves:
The covariant derivative D is written as
Here, A = A µ dx µ is a U(n) gauge field. A µ is an n × n anti-Hermite operator valued matrix. The field strength of A is given by
We consider the following Yang-Mills action
The action (2.15) is invariant under the following U(n) gauge transformation:
Here, U is a unitary operator:
where Id H is the identity operator acting in H and Id n is the n × n identity matrix. We will also simply write this kind of identity operators as "1" , if this is not confusing. The gauge field A is called anti-self-dual if its field strength obeys the following equation:
where * is the Hodge star. 4 Anti-self-dual gauge fields minimize the Yang-Mills action (2.15). An instanton is an anti-self-dual gauge field with finite Yang-Mills action (2.15).
One can consider a one-to-one map from operators to ordinary c-number functions on R 4 . Under this map, noncommutative operator multiplication is mapped to the so-called star product. The map from operators to ordinary functions depends on an operator ordering prescription. Here, we choose the Weyl ordering.
Let us consider Weyl ordered operator of the form
19)
4 In this note we only consider the case where the metric on R 4 is flat:
where kx ≡ k µx µ . For the operator-valued function (2.19), the corresponding Weyl symbol is defined by 20) where x µ 's are commuting coordinates of R 4 . We define Ω W as a map from operators to the Weyl symbols:
One can show the relation Tr H {exp (ikx)} = 2π
The star product of functions is defined by
the explicit form of the star product is given by
From the definition (2.23), the star product is associative
We can rewrite (2.15) using the Weyl symbols
In (2.27), multiplication of the fields is understood to be the star product. The instanton number is defined by
and takes an integral value.
Noncommutative Yang-Mills in the IIB Matrix Model
It is sometimes convenient to treat the classical solution of noncommutative Yang-Mills theories in the framework of the IIB matrix model. In the IIB matrix model, noncommutative Yang-Mills theories appear from expansion around certain backgrounds [19] [20] . The IIB matrix model was proposed as a non-perturbative formulation of type IIB superstring theory [10] [11] . It is defined by the following action:
where X µ and Θ are N × N hermitian matrices and each component of Θ is a MajoranaWeyl spinor. The action (2.29) has the following U(N) symmetry:
where U is an N × N unitary matrix:
The action (2.29) also has the following N = 2 supersymmetry: One class of solutions to (2.33) is given by simultaneously diagonalizable matrices, i.e.
[X µ , X ν ] = 0 for all µ, ν. However the IIB matrix model has another class of classical solutions which are interpreted as D-branes in type IIB superstring theory:
where B µν is a constant matrix. i∂ µ is an infinite-dimensional matrix because if they have only finite rank, taking a trace of both sides of (2.34) results in an apparent contradiction. (2.34) is essentially the same as the one appearing in (2.9). Therefore, we define "coordinate matrices"x µ from formula (2.8):
where θ µν is an inverse matrix of B µν . Then, their commutation relations take the same form as those in (2.1):
We identify these infinite-dimensional matrices with operators acting in the Fock space H. Thus, the noncommutative coordinates of R 2d appear as a classical solution of the IIB matrix model, where 2d is the rank of B µν and the dimension of the noncommutative directions. Now, let us expand the fields around this background:
37)
Here, µ, ν are the indices of the noncommutative directions, i.e. det θ µν = 0 and I, J is the indices of the directions transverse to the noncommutative directions. Then, the action (2.29) becomes
Here,
40)
We thus obtain a supersymmetric noncommutative Yang-Mills theory with a U(n) gauge group. The gauge transformation follows from (2.30):
42)
The transformation of the gauge field (2.42) is determined by the requirement that the form of the derivative of operators should be kept under the gauge transformation. As described in the previous subsection, we can rewrite the above matrix multiplication using ordinary functions and star products.
3 Anti-Self-Dual Instantons on Noncommutative R 4 with an Anti-Self-Dual Noncommutative Parameter
In this section we first review the ADHM construction of instantons on noncommutative R 4 , and then use it to construct an anti-self-dual instanton on noncommutative R 4 with an anti-self-dual noncommutative parameter θ µν .
Review of the ADHM Construction
The ADHM construction is a way to obtain instanton solutions on R 4 from solutions of some quadratic matrix equations [18] . It was generalized to the case of noncommutative R 4 in [8] . 5 The steps in the ADHM construction of instantons on noncommutative R 4 with noncommutative parameter θ µν , gauge group U(n) and instanton number k is as follows:
1. Matrices (entries are c-numbers):
2. Solve the ADHM equations:
Here ζ ≡ θ 12 + θ 34 and µ R and µ C are defined by
Here, z andz are noncommutative operators.
Look for all solutions to the equation
where Ψ (a) is a 2k + n dimensional vector and its entries are operators: Here, we impose the following normalization condition for Ψ (a) :
In the following we will call these zero-eigenvalue vectors Ψ (a) zero-modes.
Construct a gauge field by the formula
where a and b become indices of the U(n) gauge group. Then, this gauge field is anti-self-dual.
From the gauge field (3.9) we obtain the following expression for the field strength:
where we have written
In the above we have suppressed U(n) gauge indices.
There is an action of U(k) that does not change the gauge field constructed by the ADHM method:
Therefore the moduli space M ζ (k, n) of instantons on noncommutative R 4 with noncommutative parameter θ µν , gauge group U(n) and instanton number k is given by
Here, the action of U(k) is the one given in (3.12). As stated in the previous section, in this article we consider the case where ζ = 0. In this case the moduli space M ζ (k, n) has so-called small instanton singularities which appear when the size of the instanton becomes zero. When ζ = 0, the moduli space M ζ (k, n) does not have small instanton singularities [7] . In the following we find it more convenient to work with the variable X µ in the IIB matrix model, rather than to work with A µ . From (2.37) and (3.9) we obtain the following simple expression for the instanton solution X µ :
From (3.14) we obtain
where F − µν ADHM is given by (3.10). From (3.15) it is easily shown that the X µ in (3.14) satisfies the classical equation of motion of the IIB matrix model (2.33). It is also easy to show that this configuration preserves one-fourth of the supersymmetry [20] .
U (2) One-Instanton Solution and Small Instanton Limit
Now, let us construct an instanton by the ADHM method. The simplest solution may be a U(2) one-instanton solution. In this case, B 1 and B 2 are 1 × 1 matrices, i.e. complex numbers. Therefore, commutaters with B 1 and B 2 automatically give zero, and a solution to the ADHM equation (3.4) is given by 16) with B 1 and B 2 being arbitrary. B 1 and B 2 are parameters that represent the position of an instanton. Due to the translational invariance on noncommutative R 4 , it is sufficient if we consider the B 1 = B 2 = 0 solution. Then, from (3.6) we obtain
A solution Ψ to the equation D z Ψ = 0 is given by
(3.18)
The zero-mode Ψ is normalized as in (3.8):
We can construct following classical solution of the IIB matrix model:
20)
This solution is interpreted as a system of (Euclidean) D3-brane with NS-NS B-field background in its worldvolume and a D(-1)-brane dissolved in the worldvolume of the D3-branes. From (3.20) we obtain
Here, µ, ν are indices of the directions along the worldvolume of the D3-branes and I, J are indices of the directions transverse to the D3-branes. The explicit form of the field strength can be obtained from (3.10):
From (3.23) one can observe that the parameter ρ describes the size of the instanton. Now, let us consider the small instanton limit, i.e. ρ → 0. The moduli space (3.13) becomes singular at ρ = 0. When ρ = 0 the zero-modes Ψ take the following form: is defined as
The explicit form of the solution (3.20) with ρ = 0 is given by
where
(3.27)
In the above we have used the equation 0, 0|∂ µ |0, 0 = 0. U satisfies the following equations:
Note that p is a projection operator: p 2 = p, p † = p. Since U = Up and U † = pU † , one can add new parameters to the ρ = 0 solution (3.26) without changing the field strength (3.23):
where y µ and y I are new c-number parameters. 6 Note that although the moduli space of the instanton becomes singular at ρ = 0, the field configuration itself is not singular.
Since the projections p and 1 − p are orthogonal, we can express the solution (3.29) in a diagonal form. Taking an appropriate basis, we can write, schematically,
Thus, solution (3.29) is the same as that discussed in [10] [12] and recently considered in [9] in the context of the noncommutative Yang-Mills theory. In the IIB matrix model, the left-upper block in ( One can also obtain multi-instanton solutions by the ADHM construction, and the behavior of the solutions in the small instanton limit is similar. It is also straightforward to extend the results to the Dp-D(p+4) systems with p> −1.
In this article we have constructed an anti-self-dual instanton solution on noncommutative R 4 with an anti-self-dual noncommutative parameter θ µν . The solution is constructed by the ADHM construction, and is treated within the framework of the IIB matrix model. The solution has a parameter ρ that describes the size of the instanton. It is shown that when this parameter ρ goes to zero, the solution is continuously connected to the solution (3.29), which is interpreted as a system of separated Dp-brane and D(p+4)-branes. This is consistent with an analysis of the moduli space of field theory on the worldvolume of the Dp-brane since, in this case, the Higgs branch and the Coulomb branch are connected at the small instanton singularity. It is quite remarkable that while instantons in ordinary Yang-Mills theory only describe Dp-branes within the worldvolume of D(p+4)-branes, the noncommutative Yang-Mills theory can describe the separation of Dp-branes off D(p+4)-branes. It may be interesting to clarify the precise relation to the sigma model analysis, like that in [21] .
